BERNOULLI OPERATOR AND RIEMANN'S ZETA FUNCTION 



YIPING YU 

Abstract. We introduce a Bernoulli operator, let "B" denote the operator 
symbol, for n=0, 1,2,3,... let B" := B„ (where B„ are Bernoulli numbers, i?o = 
1, Bi = 1/2, B2 = 1/6, B3 = 0...).We obtain some formulas for Riemann's Zeta 
function, Euler constant and a number-theoretic function relate to Bernoulli 
operator. For example, we show that 

B^-' =C{s){s-l), 

7 = — log B, 

where 7 is Euler constant. Moreover, we obtain an analogue of the Riemann 
Hypothesis (All zeros of the function ^{B + s) lie on the imaginary axis). This 
hypothesis can be generalized to Dirichlet L-functions,Dedekind Zeta func- 
tion, etc. In fact, we obtain an analogue of Hardy's theorem(The function ^{B + 
s) has infinitely many zeros on the imaginary axis). 

In addition, we obtain a functional equation of log Tl{Bs) and a functional 
equation of log(^(_B + s) by using Bernoulli operator. 



1. Introduction 

We introduce a Bernoulli operator, let "B" denote the operator symbol, for 
n=0,l,2,3, ... let :— i3„ (where i3„ are Bernoulli numbers, = ^,Bi = 
1/2, B2 — 1/6,53 = 0...). Despite the fact that Bernoulli defined Bi = 1/2, some 
authors set Bi — —1/2. In this paper, it will be convenient to set Bi — 1/2. Using 
the operator,we are easy to obtain the equation (1 — B)" = B" (n is non-negative 
integer), and the following equation 



First we introduce some definitions. 

If a function's (equation's) expression contains the operator symbol "B",then 
we say the function(equation) is a Bernoulli operator function (equation) or 
simply a function (equation). For example, the function f{z) — e^^^ is a Bernoulli 
operator function. 

If a Bernoulli operator function (equation) equal to another Bernoulli oper- 
ator function (equation) without taking Bernoulli operator, we say the function 
(equation) is primitive equivalent. For example, the following equation is primi- 
tive equivalent: 
sin(7rS/2) = sin(7rB/2 + 27r). 

If a Bernoulli operator function (equation) equal to another Bernoulli operator 
function (equation) by taking Bernoulli operator, we say the function (equation)is 
Bernoulli operator equivalent. For example, the following equation is Bernoulli 
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operator equivalent: 

sin(7r(l— i3)/2) = sin(7r_B/2) = 7r/4 (Note that we have used the equation (1 — _B)" — 
_B",n is non- negative integer). 

The zeros (poles , singularity) of a Bernoulli operator function without taking 
Bernoulli operator are called primitive zeros (poles , singularity). For exam- 
ple, the primitive zeros of function sin(7r(i3 + z)/2) are -B+4k (k is an integer); 

The zeros (poles , singularity) of a Bernoulli operator function by taking Bernoulli 
operator are called Bernoulli operator zeros (poles , singularity). For exam- 
ple, the Bernoulli operator zero of function ze~^^ = z^/(e^ — 1) is the number 
O.When there is no confusion,we say a Bernoulli operator zero (pole, singularity) is 
a zero (pole, singularity). 

In the following paper we must to distinguish between primitive equivalent and 
Bernoulli operator equivalent. Otherwise, we will obtain many wrong equations. For 
example, we taking the logarithms on both sides of a primitive equivalent equa- 
tion which remains equivalent; But we taking the logarithms on both sides of a 
Bernoulli operator equivalent equation, then we obtain a wrong equation. Another 
example,B2 ■ B = = ^ 1/6 ■ 1/2. 

From the above discussion, we know the value of is ^37, we naturally want 
to know what is the value of a general Bernoulli operator function? Using the 
Euler-Maclaurin formula (see [21 p. 104): 

N N 

E f{n) = / f{x)dx + i [/'(M) + f{N)] + fnx)\z + f.r{x)\z + ... 

n=M M 

where 



TV 

M 



00 



Let Af = 1 and iV ^ oo,if f{N) 0,/'(iV) ^ 0, f^^'''>iN) and i?2« 0,then 
f{n) = -/(I) + i/(l) - ^f'il) - |i/""(l) + ... - ^f^'"\l) + 



n—1 



Since (1 - B)" = ,we obtain 

00 

(1.1) f{B)^-J2fin). 

A Taylor expansion of Bernoulli operator function is /(i? + a) = ^ Z^"-* (a) ^ ~| 

n=0 

if the right of the expansion does not converge in a certain areas of the complex 

00 

plane, we use that is /(_B + a) = — ^ /'(n + a) to expand the domain of the 

ri=l 

00 

function j(B -\- a); Conversely, if the right of the expansion f{B + a) — ~ ^ f'{n + 

n=l 

does not converge in a certain areas of the complex plane, we use the expansion 
f{B + a) — /^"''(q) ~i to expand the domain of the function f{B + a). This 
is a principle of analytic continuation. 
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For example, the fohowing Bernouhi operator function is analytic at all points of 
the complex z-plane except for some poles at z = 27rfcz, 

^-B. ^ y (-1) f ^ ^ y = 

nl ^ - 1 

n— n— 1 

From the above ideas and (jl.ip .we can obtain the formula, 

(1.2) B^-^^C{s){s-\). 
Therefore 

Similarly, we can obtain the following formulas 

(1.3) (B + nf-^ = [C(s) - 1-^ - 2-^ - ... - n-%s - 1), 

(1.4) (B + a)i-^ = C(s,a)(s-l), 

where a > 0, C(s, a) is Hurwitz Zeta function. Moreover, using a formula of p. 249 
and above (1.4), we can obtain the following formula 

fc fc ('D_|_£^l-« 



r— 1 r— 1 



We taking the derivative of an equation of Bernoulli operator equavilent carries 
a new equation of Bernoulli operator equavilent (the Bernoulli operator B can be 
thought of as a constant). For example. 



— 1 



we obtain the equation 



-Be 



-Bz 



— 1 — ze^ 



Similarly, we taking the derivatives on both sides of (1.2),wc obtain 

(1.5) -i?i-MogB-C(s) + (s-l)C'(s). 
And now, we have the following equation 

(1.6) lim[C(s) + (s-l)C'(s)]=7, 

S— J-1 

where 7 is Euler constant, therefore 

(1.7) 7 = -logs. 

Using (II. 7p ,we will give a proof of formula 7 = X) (— l)"^^(The formula can be 
found in [4]). 

Proof. Since iJ^n+i _ q^^-^ jg positive integer), applying the Taylor expansion, we 
readily find that 

Blog(l + B) = -Blog(l -S), 

and we have 

Blog(l + 4) =Slog(l + S)-BlogB, 
B 

therefore 

(1.8) B log(l + 1) = -B log(l -B)-B log B. 
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Since (1 - S)" = B",we have 

(1.9) - Slog(l -B) = -(1 -B)logB. 
Using (1.8)and(1.9),we obtain 

(1.10) Blog(l + i) = -logs. 
Using (|1.7p and(1.10),we obtain 

(1.11) ^^siog(l + l). 
Now we have 

(1.12) log(l + B-i) ==log(l + B) -logs, 
and applying the Taylor expansion, we readily find that 

log(l + B)^l + log(l - B) = 1 + log B, 

therefore 

(1.13) log(l + B-1) = 1 + logs - log B = 1. 
C onibining (l.ll)and(l. 13), we obtain 

-1 ^ ol — n 

(1.14) 7 = S log(l + ^) + log(l + B-') -1 = J2 (-1)"^ TT- 

By (1.2), we show that 

(1.15) i?i-"=C(n)(n-l), 
Combining (1.14) and(1.15),wc deduce that 

(1.16) 7=f:(-i)"^. 

n—2 

□ 

Similar to complex plane, we define a formal Bernoulli operator plane or 
simply Bernoulli plane, which is M :— {a + bBi\a,b € Mj.If we define an "ana- 
lytic function" on the Bernoulli plane, and define a contour integral for the analytic 
function, then we can deduce the classic Cauchy integral theorem, Cauchy integral 
formula and Residue theorem. Here, we do not describe in detail. 

We can obtain another proof of (1.2) by Euler's integral for n(s — l),where 

oo 

n(s — 1) J e~'^x''~^(ia;. Substitution of nx for x gives 



oo 

-nx s-1, n(5 - 1) 

e X ax = . 



-dx = n(s-i)c(s). 





We sum this over n to obtain 
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Therefore 



n(s - l)C(s) = / ^^-^-^dx = / x'-^e~^''dx. 



Let Bx — ^ i,note that Boo can be thought of as cxD,we deduce that 

oo 

,i-sn(s-i) 



n(s - l)C(s) = B^-' J t'-^e-'dt = B^-'U{s - 2) = B^ 



s-l 



Therefore we obtain (1.2) again. 

Remark 1.1. Recently, i find that (jl.ip is similar to Ramanujan summation, and he 
has researched divergent series by his summation, but he did not introduce Bernoulli 
operatorfsee 6 J.On the other hand,C'hristophe.Vignat told me that the Bernoulli 
operator somewhat similar to Bernoulli umbra (see \7\). 

Remark 1.2. If a point of the complex z-plane is Bernoulli operator pole( or singu- 
larity) of a function,then using the transformation _B — > 1 — i? will cause errors. For 
example, 

^ cos2nB - isin27rB, 

if let B ^ 1 ~ B.then 

= COS 211 B + i sin 2ttB. 
Therefore we obtain an error equation 

—i sin 2'kB — i sin 2ttB. 



2. Distribution of Bernoulli operator zeros of the function ^{B + s) and 

simrB ■ ^{B + s) 

Theorem 2.1. The function ^(_B + s) and sinnB ■ ^{B + s) satisfy the following 
functional equations respectively 

(2.1) aB + s)^aB-s), 

(2.2) simrB ■ £,{B + s) = simrB ■ £,{B - s). 

The values of these two functions are positive in the real axis;and these two functions 
have infinitely many Bernoulli operator zeros on the imaginary axis. 

Proof. By ^(s) = ^(1 — s),and let s — > i? + s,we have 

(2.3) aB + s)=a^-B-s). 
Since (1 - B)" = B",we have 

(2.4) ^(^i-B-s)^aB~s). 
Using(2.3)and(2.4),we obtain(2.1). Similarly,we have 

siuTrS • £,{B + s) = sin7r(l - B) ■ ^{1 - B + s) ^ sin7r(l - B) ■ £,{B - s). 
Since sin7r(l — B) is primitive equal to sin7r_B,we have 

sin7r(l - B) ■ ^{B + s) = siuTrS ■ ^{B + s). 
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Therefore 

simrB ■ ^{B + s) = simrB ■ ^{B - s). 
We now prove that the function ^{B + s) is positive in the real axis. We have 
the following equation (see [51 P-17), 

^(s) = / / ^ '' {2x— +2x—)dx, 

J ax 

1 

where ip'{x) = , therefore 

oo 

C(S + s)= / , ^ '^ {2x— +2x^-)dx. 

J dx 
1 

Since e-B- - we have x"* = ^^^^y Let <t>{x) = f^Ii!^!^ ,then 

OO 

^(B + s)= / 4>{x){xi + x^)dx. 



Because > 0(a; G (1, oo)), we obtain ^(i? + s) > 0, s G (— oo, oo). Using (ll.ip .we 
conclude that sin7r_B ■ x~^ = — .Similarly, we can prove that siuTri? • ^(_B + s) > 

2:2+1 

0, s G (— OO, oo). 

We now prove that the function ^(_B + s) has infinitely many Bernoulli operator 
zeros on the imaginary axis. 

Let G{x) = e^'^" ^ ,H{x) = x "^ ^^'^^dx^^~^^ ' then we have the following equa- 

n— — oo 

tion (see [2] p. 228), 



H{x) = - I S,{a + it)x''-^x'*dt, 



TT 



multiply both sides of above equation by x 



l~a 



x^-^'Hix)^- I ^{a + it)x'*dt. 



TT 



Let a ^> i?(B is Bernoulli operator), then 

oo 

x^-^H{x)^^ J ^{B + it)x''dt, 

— OO 

OO ^ 

OO 

Denote C„ = ^ / ^{B + ii)rdt,then 



, OO 

^i-Si/(^) = ^i^i/(x) = Vc„(*log: 
x — 1 ^ — ' 

n=0 
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Since ^{B + it) = ^{B — it),we have C„ = (n is odd). The differential operator 
ix{d/dx) doing H{x) any number of times carries ^^r^H{x) to a function 

1 

which approaches zero as a; — > is .Therefore, similar to [2] p. 228-229 ,we can prove 
that function $^{B + s) has infinitely many Bernoulli operator zeros on the imaginary 
axis. 

Similarly, we can prove that function sinTri? • ^{B + s) have infinitely many 
Bernoulli operator zeros on the imaginary axis. □ 

Conjecture 2.2. All zeros of the function £^{B + s) (siuTrS • £^{B + s)) lie on the 
imaginary axis. 

We know that Riemann Hypothesis generalized to Dirichlet L- functions, Dedekind 
Zeta function and zeta functions of varieties over finite fields, etc. Similarly,the con- 
jecture 2.2 can be generalized to other Zeta functions(L-functions).Here,we do not 
describe in detail. 



3. An application of Bernoulli operator to number-theoretic function 
Theorem 3.1. we define a number-theoretic function: 



1 



we have 



l-e 



^(a;)=log(x-l)-lim E (/ '-^^j^dt + J ^^^dt) 



lmp>0 



+ /j^j3T^+logK(i?)]. 

X 

where p are zeros of £^{s),and x > 1. 
Proof. By Euler product formula 

oo 

iogc(s) = E[E-p'"']'(i^^^>i)' 

p n—l 

let s — 7- s + therefore 

oo oo 1 

iogc(. + 5) - E [E -p—'^ - E [E y-^^^ 

p n—l p n—l 

oo 

<EE -p-p-'-^'^^ 

^ — ' ^ — ' n 

p n—l 

The above series on the right is absolutely convergent for Res > 0. Therefore write 
this sum as a Stieltjes integral 

CO oo 

logC(s + B)^ J x-'dij{x) = s j V'(x)a;-""ida;.(Res > 0) 
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We applies Fourier inversion to above formula, to conclude 

V'W = ^ / ■^'logC(s + i?)y.(a>0) 

a— too 

We integrates by parts to obtain 

27ri log X J as s 

a—ioo 

On the other hand, we have 

i{B + s) = n(:^)7r-"^(s + B- 1)C(5 + i?), 

oo 

where n(s) := J e~^x^dx, 



and 

^(B + s) = ^(-B) n (1 ^ J^)'iP ^^'^ zeros of ^(s),and p — B are primitive zeros of 
Therefore 

log C(s + B) = - logn(-2±^) + ^ log TT - log(s + B-1) 
(3.2) +iog^(i?)+^log(l-^). 

p 

Using(3.1)and(3.2),we obtain 
(3.3) 

_^ ^ «+;-^ -iogn(^) + ^iog^-iog(s + i?-i) + ioge(i3) + Eiog(i- A) 



i^(x) = — / — [ ]x'ds. 

a — ioo 

Similar to [2 p. 26-31, we show that 

a+'ioo a+zoo 

1 1 f d^o,i.s + B-lV^^^ f ^log(./(i?-l) + l)+log(i^-l) 



27rz log X J ds s 27rz log x J ds 



a+ioo 

1 1 /• d ,log (l-Vi3) + log(i3-l) 



27rz log X J ds 



a+ioo 

11 r d iog(s/B- 1) + iog(i -B) 



27ri log X J ds s 

a — ioo 

1 — e X 

= lim{ / dt+ / dt)-\og{l^B) 

e^o^J logt J logt ' ' 



x'^ds 



l+e 
1-e 



lini( / dt+ / dt)-log{l-B) 

e^oV logt J logt ' ' 

l+e 
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1— e X 

l + E 



lini( 

e->0 



t- 1 



dt 



l+£ 



-1-dt) = \ogix-l). 



(3.4) 

If a; > Ijthen 
Therefore 

a+ioo 
a— ioo 

Similar to [2^ p. 26-31, we show that 
a+icx) ^ log(l 

lmp>0 



1-e 



(3.6) 
Using a 



t- 1 



= lL-o E (/ 

lmp>0 Q 

formula form |2] p. 8, we show that 



dt 



< - 1 



-dt). 



I n 

iogn(i±^) = 5: 

^ n=l L 



-log(l 



2n 



log 1 + 
2 n 



Since 



we obtain 



1 1 



i \_ f d ^ iogn(^) 

Ittz logx J ds s 

a— too 



'ds 



a+200 



'ds 



a — ioo 
oo ■ , 

a 



^ a— icxD 



a+ioo 

"=1 "=la-joc. 



log(l 



a-\-ioo 



= -l°Sn(2)-2^1^E J dS 



log(l 



B + 2n' 



B + 2n^_ 



a— zoo 
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B °° 

(3.7) =_iogn(-)-^H(-2n-B). 

71=1 

Where the function H{x) defined in [2 p. 28. Similar to 2 p. 32, we show that 



oo 

y H(-2n -B)^ 



Therefore 
(3.8) 



a+ioo 

11 f d logn(^) 



[ d}ogn{^ B f dt 



oo 



27ri log X J ds 

a— zoo 

Using(3.3),(3.5),(3.6)and(3.8),we obtain 

^j{x) = log{x - 1) - log(l - B) + f logTT + logC(B) 

=^"lmp>0 1+e X 

On the other hand, we have 

loge(i?) = logn(|) + log(l _ B) - I logTT + loghC(B)]- 
By the above equation and (3. 9), we have proved the Theorem 3.1. □ 
Remark 3.2. 

sinvrB • logC(B + s) = simrB ■ ^ 

p n— 1 

Using (jl.ip .we conclude that simrB -p^"^ — , therefore 

oo 

sin^S • log C(i? + =s) = E -^'""'^7-7]- 

P 71—1 

T/ie above series on the right is absolutely convergent for Res > 0. Similar to Theo- 
rem 3.1, we can obtain another number-theoretic function relate to Bernoulli oper- 
ator, here, we do not calculate in detail. 



4. The values of B log B, log sin logn(B), and sinTrB • 
Proposition 4.1. The values of B log B, log sin ^ , log n(i3) , '^^j^^^ and sinnB ■ 

C'{B) 

W """"^ 

1 - log 27r 1 , log 27r - 1 1 + 7 + log 27r tt^ 

, log 2, 7, 1 

2 ' 2 ^ ' 2 2 16 

and ^(1 + 7 + log47r) respectively. 
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Lemma 4.2. // the function f{z) has the following Taylor expansion 

n=0 

then 

(4.1) f{a + Bz) = f{a-Bz) + f'{a)z, 

(4.2) Bf{a + Bz) = -Bf\a - Bz) + f'{a), 

(4.3) B^f"{a + Bz)^B^f"{a- Bz). 
Proof. It is clear from the properties of Bernoulli numbers. 
Remark 4.3. We can obtain hy (4-1) ■ 

/(I -5) = /(I + 5) -/'(I), 
Since f{B) — /(I — B),we have 

f{B) = f{i+B)-ni). 

Therefore 

f{B) = /(I + 1-B)- /'(I) = /(2 -B)- /'(I). 
using (4.1) again, 

f{B)^ f{2 + B)^ f'{l)- f'{2). 

Therefore 



f{B) = f{n + B)-J2f'ik). 



k=l 

Let n — i> oo, if f{n + S) — S> Q,then we obtain (jl.ip again. 

Now we prove that Proposition 4.1. Using(1.5),let s = ,we obtain 

(4.4) -B\ogB = C(0) - C'(0) = -\- C'(0). 
And we have the following equation (see [2] p. 135), 

(4.5) C'(0) = -ilog2^. 
Therefore 

(4.6) Slogs = 1^^. 

Here we will use another way to prove (4.6). We take the logarithms of both 
sides of the Riemann' Zeta functional equation, let s — -B,we obtain 

■kB 

log[-C(B)]+log(l-B) = log n(l-S) + (S-l) log 27r+log 2+log sin — +log[-C(l-S) 
Therefore 

(4.7) - 7 = logn(B) - + log2 + log sin ^. 
Using the Stirling formula (see p. 109), 

. ^ . l^ log 2^ >^ (-ir^'-B|„(27r)2" 

(4.8) logn(i?) ^{B + -)lo,B-B + ^ + Y. L.2 iy. ' 
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Note that we have used the following formula 
where k is positive integer. Since 



cos 2; 



^ 00 

= i-^((2n)!)-^22«i3„z2n-i^ 



smz z 

n=l 

taking the integral on both sides to get 

(4.9) ,„,si„. = log.-i:<4-A^,-. 

n=l ^ ' 

Let z — ^ BTTjWe have 

(4.10) logsinE7r = logB + log7r-^ ^ 2n • (2n ! " 

Using(4.8)and(4.10),we obtain 

(4.11) logn(B) = (S + i) logs - B + + logi^ + log.-logsinE. ^ 

Using(4.7)and(4.11),we obtain 

^D,^M D o,log27r logS + logTT-logsinSTT log27r 
-7 = (^+2)log-S--B+— ^+ ^+log2+logsin 

Therefore 

1 logTT log sin Btt- 2 log sin ^ 
-Slog-B = - -log2 — + ^ 

_1 logTT log(2sin^cos^) -21ogsin^ 

~2~°^ 2"'*' 2 ■ 

(4.12) log2 log^ I log^ + logcosf^-logsin^ _ 
And we have 

(4.13) log cos— = log cos =logsin— . 

Using(4.12) and(4.13),we obtain(4.6). 

We began to calculate the value of log sin 2^ ,we have 

B log sin — = {l-B) logsin[-(l - B)] ^ {I - B) log cos — 

1 Rl 

= log cos B log cos 

ttB ttB 

(4.14) = log sin B log cos 

Using the Taylor expansion,we have 

ttB 

(4.15) Blogcos— =0. 
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Using(4.9),we have 

■kB ttB loK 2 
Slog sin — = B\og — = BlogirB - B\og2 = B\og-K + BlogB 1- 

(4.16) =if^ + ^^-i^ = i-log2. 
Using(4.14),(4.15)and(4.16),we obtain 

(4.17) logsin^ = i -log2. 
Using(4.17)and(4.7),we obtain 



log 2-K 1 
-7 = logn(B) - + log 2 + - - log 2. 

Therefore 

(4.18) iogn(i?) = ^^i^^-7. 

We calculate the values of -^^gy- and siuTri? • ^^gy by the following equation, 

(A^Q^ C'(s)_ , i,,o^ , ^ cos(7r,s/2) gi-s) 

Let s — > S.both sides multiplied by B,wc obtain 

C'(S)_ I oi„,g^ I ^o Cos(^^/2) C(l-i?) 

^OB) " IIFb) + ^ ^ 2^sin(7rB/2) " ^ 

- + i?log27r + 2^—^^ - (1 - S)^. 

Hence 

" '^uTb) ^ ^ sm{^B/2)- 
Firstly, we calculate the value of ^B^^^Me have 

(4.21) =(i-B)^-"f i^-^y; ^(1-2^^ 

^ ' cos(7rS/2) ^ ' cos(7r(l -B)/2) ^ ^ sin(7rB/2) ' 

Using the Taylor expansion, we can prove the following equations, 
cos(7rB/2) 2 4l7rB 2 tt'^ tt _ tt 



(4.22) 



sin(7rS/2) ttB 2 6 2 tt 6 12 4' 



(4.23) ^,sin(.B/2) 
^ ^ cos(7rB/2) 

r,2Cos(7rB/2) 2^2 2S 1 
4.24 B^ ) '-4 = = — = -. 

^ ^ sin(7rB/2) nB tv tt 

Using(4.21),(4.22),(4.23)and(4.24),yiclds 

(425) n cos{nB/2) _ 1 

^^•^^"^ 2^sin(7rS/2) - 16 + 4- 
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Let US now calculate the value of — -B^pr^ , taking the logarithmic derivative on 
both sides of the equation n(g)ri(-a) ~ sinTrs. Let s — > -B,and both sides multiplied 
by B, yields 

(4 26) „ n'(g) p n^(--B) ^ ttBcosttE ^ ttBcosttB 



11(B) n(-B) B sIuttB sinTrS 

B cos ttB Q^rir-fi cosnB _ cos7r(l-B) 

sinTTB • '^ii^'-*^ sinTrS ~ sin7r(l-B) ~ sinTrB 



And now calculate the value of ^f,;°!g^ . Since = = -2??^, we 



have 

cos ttB ^ 

sin TT-B 

and 

nB^'-^ = nil - Br '^'^'^'-^J = -nil -2B + B-f-^. 
smnB sm7r(l — -tj) smTriJ 

Therefore 

cos ttB „ cos ttB 
-kB^- = -kB- 



Since ttB^S?^ = iB=b = \,wc obtain 

sin TT-D TT-D z ' 



sin ttB sin ttB 

obtain 

cos TT-B 1 



(4-27) ttB . „ „. 

^ ' sinTrS 2 

Using(4.26)and(4.27),we obtain 
Using (4.2) of Lemma 4.2 , wc obtain 

n'(B) „n'(-B) n'(o) „n'(-B) 

where 7 is Euler constant. Using(4.28)and(4. 29), we obtain 

a-^m on'(i3)_i 7 „ n'(-g) _ i , 7 

Using(4.20),(4.25)and(4.30),we obtain 

C'(-B) 1 7 „ TT^ 1 l+7 + log27r tt^ 

And now calculate the value of siuTrB • ^qIb) -I^oth sides of (4.19) multiplied by 
siuTrB , and let s B,we obtain 

„ C'(-B) „ n'(-B) , „ 7rcos(7rS/2) „ „ C'(l 

smTrS-— — — = — smTrij--— — — +log 27r-sm7rijH — —-^simrB—smnB— — 

CiB) n(-B) ^ 2 sin(7rB/2) C(l 

= - siuTrB • ' + log27r • ttB + 7rcos^(7rB/2) - sin7r(l - B) ■ -^-j—l 

ll[-B) C(-d) 

. „ n'(-B) 7rlog27r I + costtB . ^ C'(-B) 

= -^^^'^^ • nFsy + ^ ^'^^ ---^ • 

Therefore 

. „ C'(^) sin7rBn'(-B) 7rlog27r n 
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Firstly, we calculate the value of sinTrS • jjj^r^y- Using (4.1) of Lemma 4.2, we 
have 

ii'(B) , , n'(-B) n'(o) n'(-B) 

(4.32) sm.B . ^ . sm(-.B) • n(of = " -.5 ■ ^ - 

Taking the logarithmic derivative on both sides of the equation n(s)rf(-fj) ^ ^^'^ 
. Let s — ^ _B,and both sides multiplied by sin7ri?,we obtain 

,n'(B) n'(-B), sinTrS costtB sinvrS sIuttS 

sin7ri?-(-— 7 — ^ — — — r) = TrsinTrS = ttcosttS — . 

^n(B) n(-B) ^ S siuTrS B B 

We can prove the equation si"^^ — 7rlog2 bv dl.ip . therefore 

(4.33) sin vri? • - sin iiB ■ -^^-^ = n log 2. 
Using(4.32)and(4.33),we obtain 

(4.34) sm.i3.^^ = . 

Using(4.31)and(4.34),we obtain 

C(B) 7rlog2 + 7r7 7rlog27r tt tt , 
"""^•^= 4 +^h+4^4(^ + ^ + ^°g'")- 

□ 

Proposition 4.4. Let Ai = Er=iEr=i (5;iTfcF " 2^]'^^ = E,T=iEr=i " 
we /lawe 

l + log2 5 2 
^1 = —2 48^ ' 

l-21og2 
A2- . 

Proof. We have the following equation (see p. 52, or [5| p. 158 ), 

C(^ = 73T + ^^ + L737 + L(7T2;^-^)- 

' p ' n=l 

where p are zeros of ^(s). Let s — > -B,we have 

a-^fi^ -1 7 + 1 , 1 1 

^ ^ ' p ' n—1 

Since 

V ^ = V I = V ^ = V ^ 

^B-p ^l-B-p ^1-p-B ^p-B' 
p p p p 

we obtain 

(4.37) E;^=0- 

p 

Using (1.3), we have 

oo 

(4.38) (i? + 2n)-i^(2-l)(C(2)-l-2-2-2-3-2-...-(2n)-2) = ^^ 

k=i (2" + k) 
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Using(4.36),(4.37)and(4.38),we obtain 

(A Qn^ ^'(^) "1 , 7 + log7r 1 7 + log7r vr^ 7 + log7r 

(^■^^^ W) — ^ — ' " - — 

By Proposition 4.1 and(4.39),we obtain 

l + log2 5 2 

^ —2 48" ■ 

Both sides of (4.35) multiplied by sinTri? , and let s — ?> _B,we obtain 

C (B) sin7r_B 7 + log7r ■c-^siiiTri? .r^^^ , 1 

sinTrB--^^ = + - ^sin7rB+> +> sin7rB-( 

CiB) l-B 2 ^ B - p ^B + 2n 

^ ' p ' n— 1 

sin7r(l— _B) 7 + log7r -^-^ sinTr^ sin7r_B ttB 

= — B — + ^^"^+2. b^ + z.(:bT2^- 2^7) 

p n—l 

sin 7r_B 7 + log tt sin ttB sin ttS tt 

~ B ^ 4 '^^^ B-p ^ ^ ^B + 2n ^ 

p ' n=l 

7 + log TT v-^ sin vri? , sin ttS tt , 

4.40 =7rbg2 + - —7:+} +> )• 

^ ' ^ 4 ^ B - p '^^B + 2n An' 

p ' n=l 

Similarly, we can prove that 

,4.41, Ef^ = »- 

P 

Using ljl.ip .we have 

sinTrS ■^S^ 7r(2n + /c) cos /ctt — sin /ctt (^1)'^ ^ 

^ 5 + 2n " " (2n + /fc)' ^'"^^ 2n + fc ' 

Using(4.40),(4.41)and(4.42),we obtain 

sm ttB ■ ; / ^ TT log 2 + ^7r + 7r> > ^ 

' ^ ' n=l k=l 

^ + loS TT 

(4.43) =7rlog2 + ^^ — ^-^Tr + TrAa. 

By Proposition 4.1 and(4.43),we obtain 
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5. The functional equation of logn(i?s) 
Proposition 5.1. The function logIl{Bs) satisfy the following functional equation 

(5.1) logn(i3.s) = slogn(-) + ^ logs + (1 - ,s)i^. 

S Z I 

Proof. Using the Stirling formula (see [2 p. 109), let s B/ s, we obtain 
s s 2 s s 2 ^ — ' 2n ■ 2 ■ (2n)\ 



Note that we have used the following formula 

where k is positive integer. Using(4. 9), we have 

^ (-l)"+^g|„(27r)^" 2„_i _ logsinTT^s logTr loggs 
^^•^^ 2^ 2n-2.(2n)! 2s 2s 2s ' 



n=l 



Using(5.2)and(5.3),we have 

,B. ,B 1,, i? £? log27r logsin7r_Bs logTr logics 

(5.4) iogn(-) = (- + ^)iog--- + ^-^^ + ^ + ^. 
By 

TTS 

— ; = SniTTS, 

n(s)n(-s) 

we have 

(5.5) log n(Bs) + log n(-Bs) = log TiBs - log sin -kBs. 
Using (4.1) of Lemma 4.2 , we have 

iogn(Ss) = iogn(-Bs) + ^5. 

Therefore 

(5.6) log n(Bs) = log n(-Bs) - 7s. 
Using(5.5)and(5.6),we have 

(5.7) logn(_Bs) = -(—7s — 7 + logTTs — logsiuTrSs). 

Using(5.4)and(5.7),we obtain(5.1). □ 

Remark 5.2. Recently, i find that Proposition 5.1 is equivalent to Ramanujan and 
A. P. Guinand's result,but the proofs are not the same(see [T] ,[H]/ 
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6. The functional equation of \og({B + s) 

Theorem 6.1. The function \ogC{B + s) satisfy the following functional equation 
(6.1) 

X -, N n'(s) 1 , „ TT cosTTs TT.^cosTTs cos(7rs/2), 

logC B-s "logC S+s = s-^---s-slog2TT+-s- +- 2- . )' )■ 

ll(s) 2 2 sirLTTS 4 smvrs sin(7rs/2) 

moreover the function log(^{B + s) has poles at the non-positive integers(i.e. at 
0,-1,-2,-3,...;. 

Lemma 6.2. 

log(B + .) = Sa. 

Proof. By n(s) = sl{{s — 1) ,we have 

logn(B + s) = log(B + s) + logn(B + s - 1) 

(6.2) =log(B + .s)+logn(-B + s). 
Using(4.1),we have 

(6.3) logn(5 + s) =logn(-B + s) + ^^. 

n(s) 

Using(6.2)and(6.3),we have proved Lemma 6.2. □ 



Remark 6.3. In particular, let s—0,we obtain (|1.7[) again by Lemma 6. 2. The func- 
tion \og{B + s) has poles at the negative integers (i.e. at s ^ —1, —2, —3, ...). 

Lemma 6.4. 

{B + s)\og{B + s) - BlogB - s = logn(s). 
Proof. By Lemma 6. 2, we have 



JlogiB + s)ds^J^ds 



is) 
Therefore 

{B + s) log{B + s) - s = logn(s) + c. 
Let s — 0,we obtam c = B log B . □ 

Remark 6.5. We can obtain a very short proof of Stirling formula by Lemma 6.4- 

Proof. Using Lemma 6. 4, we have 

logn(s) = {B + s)log(l + —) + (B + s)\ogs-s-B\ogB 

s 

= {B + s)^{-l) — + (- + s)logs-s ^ . 

n=l 

□ 

Remark 6.6. We can obtain another proof of Proposition 5.1 by Lemma 6.4- 
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Proof. Using Lemma 6. 4, let s — ^ i?'/s, where B' is another Bernouhi operator ,we 
have 

log Il{B'/s) = {B + B'/s) \og{B + B'/s) - B log B - B'/s 
= {B + B'/s) \og{Bs + B') -{B + B'/s) logs - B log B - B'/s. 
Therefore 

s log n{B'/s) = {Bs + B') \og{Bs + B') - {Bs + B')\ogs - B log B-s-B'. 

On the other hand, using Lemma 6. 4, let s — >■ B's ,where B' is another Bernoulli 
operator,we have 

log n(B's) = (B + B's) log(B + B's) - BlogB - B's. 

Since 

{Bs + B') log{Bs + B') = {B + B's) log(S + B's), 

we have 

s log U{B'/s) = {B + B's) log{B + B's) - i±i log s - illM^^ _ ^ 

, , l-log27r s 1 + s, l-log27r 1 
= logn(B's) + ^ + - - logs ^s - - 

, log27r log27r 1 + s 
= log n{B s) + ——s — log s. 



Lemma 6.7. 



1 TT^ 1- log 277 

logllis - B) = s^ 2 



Proof. By n(s) = sn(s — 1) ,wc have 

B log U{B + s)=B log{B + s) + B log U{B + s - 1) 

(6.4) = B log(B + s) + {l-B) log U{-B + s). 
Using (4. 2), we have 

(6.5) BlogU{B + s) = -Blogn(-B + s) +logn(s). 
Combining(6.4)and(6.5),we obtain 

logn(s) = Blog{B + s) + logU{s-B). 
By Lemma 6.2 and Lemma 6.4,we have 

log n(s) = log n(s) + BlogB + s-s log{B + s) + log U{s - B) 

= logn(a) + + ^ - + l°sn(. - B). 

Lemma 6.8. 

logUi^) = I^^-Uog2+i^-i + ^-'- + '^. 
^ ^ 2 ' m{s/2) 2^2 n(s) 2 2n(s) 4 2 



□ 



□ 
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Proof. By 

^(s) = 2^^(|)^(i^)7r-l/^ 



we have 



iogn(B + s) = {B + s) iog2 + iogn(^^^) + iogn(^^) - ^ log^ 



□ 



Therefore 

2 log n(:^) = log n(B + s) - + s) log 2 + 1 + ^ log tt 

By Lemma 6. 7, we obtain 

^,B + s, U'(s) l-log27r n'(s) 1 „ 1 n'(,s/2) 1 

2iogn(^) = .^ 2^-^+n(^-(2+^)i°s2+2nR^+2^°^'^ 

.xn'fs) 1 , , „ in'(s/2) 

= (^ + ^)nfe^-2+i°s'^-^-^^°s^+2nR^- 

Lemma 6.9. 

, . iriB — s) , „ TTscosTTs TT.^cosTTs cos(7rs/2), 

(6.6) logsin-!^— — i = -log2+— ^ + t 2^ — t:-^ . 

^ ' ^ 2 ^2 sinTTS 4^ sinTrs sin(7rs/2) ^ 

Proof. Since 

TTS 

— — - — - = sirnrs, 

n(s)n(-s) 

we have 

. 7r(B - s) 7r{B - s) rr(B-s + 
logsm^-^ = log^-^ ^ -logn(^— ) -logn( ) 

, TT n'(-s) , r^.B-s, , TT/^ + Sx in'(s/2) 

= 2 + nF^y - - logn(^) + 

By Lemma 6.8,we obtain 

, . Tr(B-s) , TT n'(-s) n'(-s/2) s, „ sn'(-s) s in'(-s) 

log sin — = log - H — — — log 2^ — — - 

logbm 2 "^2 n(-s) 4n(-s/2) 2 ^^2n(-s) 2 2 n(-.s) 

1 1, in'(s/2) .s, .sn'(s) s in'(s) l logTr in'(s/2) 

log TT + - log 2 — H — H ^ H ^-^-^ 

4 2^ 4 n(s/2) 2 2 n(.s) 2 2 U{s) 4 2 2 n(s/2) 

= loff + _ irIIXf/2) , n'(-g/2) g n'(-.) _ n^(s) 
^2 n(-s) 4^n(s/2) n(-s/2)^ 2^n(-s) n(s)^ 

/ X irn'(.s) n'(-.s), 1 , in'(s/2) 

Moreover 

n'(s/2) n'(-s/2) 1 7rcos(7rs/2) 



(6.8) 



2n(s/2) 2n(-s/2) s 2 sin(7rs/2) ' 
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(Qo) n-(.) n-(-,s)_i cos^. 

^ ' n(s) n(-s) S sinTTs' 

Using(6.7),(6.8)and(6.9),we obtain(6.6). □ 

We now prove the Theorem 6.1. 

Proof. Taking the logarithms on both sides of functional equation of Riemann Zeta, 
let s B — s,we have 

log C{B-s) = log n(s-S)+log 27r-(-s+B-l)+log 2+log sin ^!^^^^+log C(l-B+s). 
By lemma 6.7 and lemma 6. 9, we have 

n'(s) 1— log27r ,1 , TTSCOSTTS 

logC B - s = s-ff s-{- + s) log27r + log2 - log2 + — 

ii(sj 2 2 2 smTTS 

7r,„cos7rs cos(7rs/2), , ^, , 

4 smTTS sm(7rs/2j 

Tl'(s) 1 , „ TTSCOSTTS TT.^cosTTs cos(tts/2), , ^. , 

= ■'^TTTT - :5 - s - slog2^ + — + - 2- . + logC B + s ■ 

il(s) 2 2 smTTS 4 smTrs sm(TTs/2) 

Because logC(B + s) is analytic at Res > , using the functional equation (6.1), it 
is clear that the function logC(-B + s) has poles at the negative integers (i.e. at 
s = —1, —2, —3, ...). Because 

logC(B) = \og[C{B){B - 1)] - log(B - 1), 

by (ll.ip .we have 

, C'(s)(s-1) + C(s) ^X'{n) 1 1 1 >^ 1 



therefore the function log (^{B + s) have a pole at s = O.By the way, we give 
log[-C(B)] = log[C(i?)(B - 1)] - log(l - B) 

= -7- E ^+logi3-logB 

n— 2 



therefore 



log[-C(B)] = -7 - E ^ = -7 + logC(l + B) 

n—2 

oo oo 

= -1+ E A(n)(logn)-in-i--S = -7 + E AH(log")"^""^^ 

n=2 n=2 



' ' n(n-l) ■ 



n=2 



where A(7i) is von Mangoldt function. By calculating, we can find the value of 
log[-C(B)] is close to the value of log[-C(l/2)]. □ 
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Remark 6.10. If Riemann Hypothesis is true.then logC(l/2 + ,s) is analytic at 
all points o/Res > except for s = 1/2. On the other hand,the Bernoulli operator 
function log ({B + s) is an analogue of\og({l/2 + s).Because\og({B + s) is analytic 
at Res > 0, this seems to believe that the Riemann hypothesis is true. In fact, if we 
can prove function \og({B + s) has singularities at p — \ (where p are zeros of 
£^{s)),then Riemann Hypothesis is proved. Using {3.2), let s p' — ^, where p' is a 
zero of£,{s),we have 

l0gC(i3 +p'-k) = - l0gn(^±^) + logTT 

- log(p' - 1 + B - 1) + \ogi{B) + E log(l - ^) 

p 

= _logn(^±£^) + ^±S^ logTT 

-log(p'-i + B-l)+loge(S) + Elog(£^^f^) • 

p 

when p = p',the right of above equation will lead to a singular item log(l/2 — B) 
(But need a proof). Hence Rep' = 1/2. 

corollary 6.11. 

^C'{B) _ ^^^Tl'{Bs) l + s + slog27r BttscosttBs tt^ 

Proof. Setting s B's {B' is also a Bernoulli operator) in (6.1), we have 

log C(B - B's) - log C(B + B's) = B's^^^ -I -B's- B's log 2n 

wB's costtB's -it . cos n B's cos{nB's/2) 
2 sinTrS's 4^ simrB's ~ sm{TrB's/2)' 



„ Il'(Bs) 1 „ „ , „ ttBscosttBs it .cost: Bs cos{'kBsI2). 
= ^'um -2-^'- + — ^i^ + 4 ('d^ - sin W2) 



(6.10) 
= Bs 

Using(4.1),we have 

(6.11) logC(i3 - B's) - logC(i3 + B's) = ^s. 

By the Taylor expansion,we give 
(6.12) 

7r,„cos7rBs cos(7rSs/2), 7r.„, 1 2^ ^ , 2 2^55, 
A^^^^- M-Bs/2) ^ = 4I'(;?B;-T^^"^^^-;^ + ¥^^"^] = "16" 

Using(6.10),(6.11)and(6.12),we obtain Corollary 6.11. □ 

In particular, setting s = 1 in Corollary 6.11,using (4.27) and (4.30),we obtain 
the following equation again 

C{B) _ 1+7 + log 277 TT^ 

C{B) ~ 2 "^16" 
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7. Appendix 



This paper is not too rigorous, the author hope that other mathematicians to 
complete. 
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